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Abstract
It is possible to associate curvature-dependent Möbius invariant energies with planar curves. They are of
particular interest because their tension-free stationary states, lacking a length scale, form self-similar curves. As
such one would expect these energies to show up in self-similar growth processes. The simplest among them is the
conformal arc-length. Its tension-free states are logarithmic spirals characterized by the rate of growth; in general
its stationary states have constant conformal curvature: but any such state can be generated from a logarithmic
spirals by applying an appropriate Möbius transformation to it. In the process, tension is introduced and with
it a length scale. Generically these Möbius descendants form double spirals, characterized up to similarity by a
second parameter, the distance between the two poles. In this paper, we will show how this invariant system can
be approached from a mechanical point of view. Central to this approach is the identification of the four currents
conserved along stationary curves: the tension and torque associated with Euclidean invariance; in addition scalar
and vector currents reflect the invariance under scaling and special conformal transformations respectively. It will
be shown that the conformal Casimir invariant, proportional to the conformal curvature, can be decomposed in
terms of these currents. This approach permits the familiar geometrical properties of logarithmic spirals to be
reinterpreted in mechanical terms, while suggesting new ones. In logarithmic spirals, not just the tension but also
the special conformal current vanish with respect to a reference frame centered on the spiral apex. The torque
M and the scaling current S are constrained to satisfy 4MS = 1 in these states. The tension generated in a
double spiral is evaluated. While it is, as expected, inversely proportional to the distance between its poles, it is
not directed along the line connecting these two points; the non-vanishing angle it makes with this direction is
the angle defining the logarithmic spiral, independent of the inter-polar distance. An explicit construction of these
states using the conserved currents will be presented. In higher order Möbius invariant theories, logarithmic spirals
generally get decorated by self-similar internal structure.
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1 Introduction
Self-similar geometries are frequently encountered in the natural world. This pattern suggests that conformal invariance
is playing a role in the underlying physics, whether as an exact symmetry, an approximation or as a description of some
emergent limiting behavior. Perhaps the best-known and certainly the simplest examples are provided by logarithmic
spirals. They can be characterized in a number of ways. One is a statement about the current state of the curve:
the tangent at a point makes a constant angle with the radial direction. Indeed the leading edge of a torn sheet of
cellophane will spontaneously follow a log spiral, an observation that at one level is obvious, yet is not [1]. And, of
course, anyone who has ever peeled an orange will at some point have observed—with an element of satisfaction—
that the peel can be nudged to follow a loxodrome, steering at a fixed angle to the meridian—the projection of a
logarithmic spiral onto a sphere. Equally well, a logarithmic spiral can be defined in terms of its growth: its radius of
curvature increases linearly with the distance traveled along the curve. A logarithmic spiral famously also describes the
cross-section of the nautilus shell, or the phyllotactic patterns in plants reflecting, as stressed by D’Arcy Thompson
over a century ago, how the process of growth in biology very often generates self-similar structures [2]. Nor is a
coincidence that this geometry is observed in the spiral arms in galaxies. Equivalently, a logarithmic spiral can be
characterized by geometrical ratios: the distance traveled along the spiral path is proportional to the distance to
the apex. To mention another that appears to be new: the nested multiply-covered planar area subtended by the
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radial vector is proportional to this squared distance traveled, as conveyed in Figure 1. Each of these identities is a
consequence of a conservation law. The distance-area relationship, extraordinarily, turns out to be the one definition
lending itself (with area replaced by projected area) to a higher dimensional generalization, which will be explored
elsewhere [7]. This construction is illustrated in Figure 1. Remarkably each of these equivalent definitions implies
self-similarly: the curve is reproduced if scaled and rotated appropriately.
Figure 1: Two revolutions of a logarithmic spiral. As the spiral develops in an anti-clockwise fashion, the position vector from
its apex sweeps out an expanding multiply-covered region, its area proportional to the square of the length of this vector. This
is a direct consequence of the existence of a conserved special conformal discussed in section 8.1.
Logarithmic spiral crop up in the computer science literature ([3, 4] provide examples). A logarithmic spiral is also
conjectured to provide a solution to a problem of interest in computer science, dubbed Search for the shore: finding
the optimal trajectory to reach a straight line from a point on the plane when neither its distance nor its orientation
is known. It is clear that it must be a spiral; as such intersecting all lines. Assuming reasonably that the solution
will be self-similar, Finch et al. showed that it must be a logarithmic spiral. A min-max argument is then used to
complete the determination of the exponent [5, 6]. An interesting three-dimensional generalization is relevant when
spatial analogues of logarithmic spirals are examined [7]. Apropos shores, the Booterstown Sand Spiral in Dublin Bay
is an unexpected example of Spira Mirabilis [8]. The curious reader is encouraged to consult the Google satellite
image before this ephemeral swerve of shore disappears into the bay.
Whenever scale invariance is manifest in a physical system, invariably an extra level of symmetry is lurking. For
curves on the plane, the relevant extension is the Möbius group, consisting of similarities supplemented with inver-
sions in circles and their compositions. From this point of view it is natural to construct an energy functional exhibiting
this invariance. The simplest Möbius invariant of a planar curve is the conformal arc-length along it:
H0 =
∫
ds |κ′|1/2 , (1)
where κ is the Frenet curvature along the curve and prime denotes a derivative with respect to the Euclidean arc-length
s. There are interesting discussions of this functional in references [9] and [10]. The calculus of variations was first
applied to Eq.(1) by Liebmann [11] and reexamined, after an appropriate hiatus, somewhat more recently in reference
[12]. The critical points of H0 are logarithmic spirals and curves related to them by Möbius transformations, the
compact double S-spirals and their hyperbolic limits, the latter arising when the center of inversion lies on the spiral.
Symmetric examples are illustrated in Figure 2.
H0 may not be an obvious energy in a Euclidean setting. Be that as it may, the corresponding Euler-Lagrange
equation is the simplest conformally invariant Euler-Lagrange equation, and it exhibits logarithmic spirals as solutions.
The conformal arc-length is not just the simplest Möbius invariant associated with a curve, it is the only local Möbius
invariant involving κ and its first derivative. In contrast, there is an infinite number of scale invariants, among them
the interpolation between H0 and the rotation number:
H1 =
∫
ds (tκ′2 + (1− t)κ4)1/4 , 0 ≤ t ≤ 1 . (2)
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Figure 2: (a) Logarithmic Spiral with tangent angle α; (b) Z2 symmetric double spiral; (c) hyperbolic counterpart. The
conserved tension vector F (drawn to relative scale) is illustrated in cases (b) and (c), where it is non-vanishing. It does not
generally lie parallel to the line connecting the two poles. The angle it makes with this direction is pi/2− α. This identity will
be derived in section 10.
While logarithmic spirals also occur, perhaps unexpectedly, as critical points of H1, unlike the conformally invariant
H0 such energies involve a degree of arbitrariness. There is also no conformal symmetry to be broken.
Our approach to treating H0 will be guided by the mechanical analog provided by the Euler Elastic bending en-
ergy, quadratic in κ [13, 14]. The reader is also referred to more recent work in [15]. Euler Elastic curves in three
dimensions have also been the subject of intensive research; see, for example, [16, 17]; enjoying an unexpected revival
due to applications in soft matter and biophysics where they describe semi-flexible polymers and thin filaments. In
this context, Euler Elastica plays a central role in the rapidly growing area of research dubbed Extreme Mechanics.
The conformal arc-length, of course, differs in significant ways from the Euler energy; both the extra derivative
and the fractional power suggest added complexity. This is offset, however, by the additional symmetry.
Translational invariance permits the Euler-Lagrange equations to be cast as a conservation law for the tension, F,
which we identify as
F =
1
2
[
−(κµ)′ t+ µ′′ n] , (3)
where t and n are the tangent and normal vectors, and µ = |κ′|−1/2. While F is not itself conformally invariant,
the Euler-Lagrange equations F′ = 0 are. They are also completely equivalent to the constancy of the conformally
invariant curvature,
K = 1
8κ′3
[
4κ′
(
d2
ds2
− κ2
)
κ′ − 5κ′′2
]
. (4)
The torque, associated with rotational invariance, is orthogonal to the plane and given by
M = (X× F) · k+ µ′/2 , (5)
where the Cartesian description of the arc-length parametrized curve is given by the map, s→ X(s), and k is a unit
vector orthogonal to the plane. Noether’s theorem can also be used to complete the construction of the scaling and
vector-valued special-conformal currents, S and G, associated with the additional Möbius symmetry,
S = F ·X+ κµ/2 ; (6a)
G = µ′X⊥ − |X|2F+ 2SX− µn , (6b)
where
X⊥ = (X · t)n− (X · n) t . (7)
Neither S norG possess Euler counterparts. Notably, none of the currents are invariant under the conformal symmetry.
The approach we will adopt to mitigate the burden of having to confront higher derivatives (in this case three)
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in the calculus of variations is the method of auxiliary variables [18]. Interestingly, the conserved currents in Möbius
invariant theories higher order in derivatives, such as the natural conformal bending energy
HB =
∫
ds |κ′|1/2K2 , (8)
quadratic in the conformal curvature (4), and fifth-order in derivatives, can be constructed with unexpected facility
using this approach.
An intriguing property of scale invariant energies is that this invariance alone completely determines the tangen-
tial tension; reparametrization invariance then completely fixes the normal tension, completing the construction of F.
Modulo similarities, stationary states are characterized by the constants M and S. The conservation of the four cur-
rents can be combined to provide a first order ordinary differential equation determining the trajectories of stationary
states.
The conformal curvature K is identified as the Casimir invariant of the Möbius group, conserved in equilibrium.
Whereas F2 is invariant under the Euclidean group, it is not under the Möbius group. We show that K is quadratic
in the four conserved (but not invariant) currents: K/2 = F ·G− S2 +M2.
There is a logarithmic spiral for each constant value of K. In these states the tension vanishes. The existence
of non-trivial tension-free states is unusual in physics: the only tension-free open Euler elastic curves are straight lines.
The tension comes with a dimension. If it vanishes, so also does G if referred to a specific point, identified as the
spiral apex. As a consequence, the corresponding curve charactered by the dimensionless S and M does not possess a
length scale. From this mechanical point of view, logarithmic spirals are self-similar because the tension within them
vanishes. Indeed, they are the only self-similar stationary states of the energy (1) with S and M constrained to satisfy
4MS = 1, and as such characterized completely by S, a measure of how rapidly the spiral unwinds. The remarkable
geometry notwithstanding, logarithmic spirals exhibit no internal structure.
While the invariance of the energy implies the degeneracy of the Möbius descendants of logarithmic spirals, ten-
sion will be generated in these states. The pattern of its generation is not, however, obvious: while the magnitude is
inversely proportional to the distance between the poles of these double spirals, the tension is not directed along the
line connecting the two poles as illustrated in Figure 2. The direction of F is not the obvious direction but reflects
the chirality of the logarithmic progenitor. Nor does it vanish when the conformal curvature K, defined by Eq.(4), does.
In general, the tension-free states associated with higher-order invariants, such as the bending energy (8) will ex-
hibit additional structure consistent with self-similarity. This paper establishes the groundwork for investigating how
logarithmic spirals get decorated in such theories.
2 Möbius invariant energies for curves
Consider an arc-length parametrized curve s → X(s) on the Euclidean plane with the inner product between two
vectors denoted by a centerdot separating them. Let t be the unit tangent vector to this curve. t = X′ where prime
denotes a derivative with respect to arc-length, and let n be its normal (with ni = ijtj). Then
t′ = −κn ; n′ = κ t , (9)
where κ is the Frenet curvature. Modulo Euclidean motions, the curve is completely determined by κ.
We are interested specifically in associating a Möbius invariant energy with each suitably differentiable curve. It
must first of all be Euclidean invariant. As such, it can be expressed in terms of the Frenet curvature and its
derivatives. Thus, without loss of generality, such an energy can be cast in the form
H[X] =
∫
dsH(κ, κ′, . . . ) , (10)
where the ellipsis represents possible higher derivatives.
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2.1 Möbius Invariants
It is not hard to show that there is no non-trivial Möbius invariant energy constructed using κ alone.1 The simplest
non-trivial Möbius invariant involves κ′; indeed the only such invariant is proportional to the conformal arc-length
given by Eq.(1). To understand why, it is useful to possess a systematic approach to constructing invariants under
Möbius transformations, the compositions of inversions in circles, Euclidean motions and scalings. The non-trivial
element is inversion. We will consider inversion in a unit circle centered at the origin, avoiding the explicit use of
complex variables in favor of a language that admits a generalization to higher dimensions. In view of this, we will
take liberties and use the technically correct Möbius and conformal interchangeably. The point X on the curve maps
to the point X¯ = X/|X|2; We now introduce the linear operator RX representing a reflection in the line passing
through the origin, orthogonal to Xˆ,
RX = 1− 2Xˆ⊗ Xˆ . (11)
The tangent and normal vectors transform t → |X|2RX t, nI → −|X|2RX nI (the latter with a minus sign). It
follows that the arc-length transforms by
ds→ ds¯ = ds/|X|2 . (12)
As for the curvature, we find κ→ κ¯, where
κ¯ = −|X|2 (κ− 2 (X · n)/|X|2) . (13)
This identity is derived in the appendix.
Unlike κ itself, its first derivative is a primary field (transforming homogeneously) with weight |X|4. This is be-
cause
d κ¯
ds¯
= −|X|2
(
|X|2κ− 2 (X · n)
)′
= −|X|4κ′ . (14)
It follows as a consequence of Eqs.(12) and (14) that the conformal arc-length H0[X], defined by Eq.(1), is a Möbius
invariant of planar curves.
2.2 Conformal Curvature
Let us now examine how κ′′ and higher derivatives transform under inversion. A straightforward calculation leads to
d2 κ¯
ds¯2
= |X|6κ′′ + 4|X|4(X · t)κ′ ; (15)
thus the conformally transformed second derivative is a linear combination of first and second derivatives. As we will
see in section 7.2, there are no invariants involving κ and its first two derivatives. While the third derivative transforms
in an even more complicated way, to wit
d3 κ¯
ds¯3
= |X|8κ′′′ + 10|X|6(X · t)κ′′
+4|X|4
[
4(X · t)2 + |X|2[1− κ(X · n)]
]
κ′ , (16)
there exists a Möbius invariant involving κ and its first three derivatives. One can confirm that
4κ′
(
d2
ds2
− κ2
)
κ′ − 5κ′′2 (17)
is a primary field transforming with conformal weight |X|12 so that, on taking ratios, the conformal curvature (4) is
identified as a conformal scalar [9]. The curve needs to be five-times differentiable.
1The invariant linear in curvature is the rotation number, a topological invariant.
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In terms of the variable µ = κ′−1/2, transforming—like arc-length—with weight |X|−2, the conformal curvature
is given by
K = −µ
(
d2
ds2
+ κ2/2
)
µ+ (µ′)2/2 , (18)
without the denominator. It is well known that K completely specifies the curve up to Möbius transformations [19].
In section 4, we will see that the Euler-Lagrange derivative of the conformal arc-length is proportional to K′; higher
order invariants will appear in the Euler-Lagrange derivative of higher order energies such as the conformal bending
energy, (8).
3 Conserved tension and critical points of curvature energies
We now possess a procedure for constructing local conformally invariant energies for curves. We next examine the
response of these invariants to deformations of the curves. Any two geometries related by a Möbius transformation
will possess the same energy. Thus if one of them describes a critical point of this energy (so that it represents an
equilibrium), then so does the other. But from the Euclidean point of view, in which the physics they represent is
invariably interpreted, the two can be very different. In particular, the tension within the two will generally differ.
The first task is to derive the Euler-Lagrange equations describing the equilibrium curves.
We will exploit the method of auxiliary variables [18]. While originally introduced to examine energies quadratic
in curvature, there is no obstacle to accommodating energies involving higher derivatives. In this framework, the
Euler-Lagrange equation describing equilibrium curves is phrased, modulo reparametrization invariance, in terms of
the conservation of tension along these curves. From a conformal point of view, this is unusual: the Euler-Lagrange
equations are conformally invariant; the tension is not. Of particular interest will be tension-free curves. There is no
length scale associated with such curves and they will form self-similar patterns. There are no (non-trivial) analogs of
such states for Euler elastica. For conformal arc-length these turn out to be logarithmic spirals; in general, additional
internal structure makes an appearance.
To continue, let us examine the behavior of the energy under small deformations. Let X → X + δX. Modulo
boundary terms, the change in the energy, H[X], can always be cast in the form
δH[X] =
∫
ds E⊥ n · δX . (19)
Critical points are characterized by the Euler-Lagrange equation: E⊥ = 0. There is no corresponding tangential deriva-
tive ≈ E‖ t · δX. This is a consequence of the reparametrization invariance of the energy H[X] and the identification
of tangential deformations with reparametrizations at first order which together imply E‖ = 0.
Consider, more generally, any functional H[X] defined on an arc-length parametrized curve that can be cast in
the form (10). The Frenet curvature is of course a composite variable constructed out of X. It is, however, possi-
ble and very useful to treat κ as an independent variable in its own right; we do this by imposing the steps in its
construction in terms of X as constraints using Lagrange multipliers. Thus we construct the functional
HC [X, . . . ] = H[κ] +
∫
ds
[
1
2
T (1− t · t)−Hκ(κ− t · n′)
]
+
∫
ds
[
1
2
λ(n2 − 1)− f (n · t) + F · (t−X′)
]
, (20)
where the constraints are imposed by the Lagrange multipliers T, Hκ, λ, f and F. The skeptical reader, unfamiliar
with this approach or inclined to balk at what might appear to be a gratuitous proliferation of variables, should
attempt to derive the Euler-Lagrange derivative the straightforward way tracing the effect of the deformation of the
position vector along the curve on the curvature and its derivatives. As the number of derivatives rises the appeal of
this approach very quickly loses its luster. We know.
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The Euler-Lagrange equations for t and n identify the tension F along the curve to be given by
F =
(
T −Hκκ
)
t−Hκ′ n . (21)
The Euler-Lagrange equations for κ identifies Hκ as the Euler Lagrange derivatives of the unconstrained functional
H[κ] with respect to κ:
Hκ =
δH
δκ
. (22)
In the framework we have introduced, the functions X appear only in the tangency constraint. HC is stationary with
respect to variations of X when
F′ = 0 , (23)
or F is a constant vector along the curve. F, as the response of the energy to translations of the end points, can be
identified as the tension in the curve and it is constant along the curve.
Let
F = F‖ t+ F⊥ n . (24)
The conservation law (23) can now be recast in terms of its normal and tangential projections:
E⊥ := F ′⊥ − κF‖ = 0 ; (25a)
E‖ := F ′‖ + κF⊥ = 0 . (25b)
Eq.(25)(b) implies that the normal projection of the tension F⊥ is completely determined by F‖. Modulo this equation,
the Euler-Lagrange derivative with respect to X, given by the right hand side of Eq.(25)(a), is cast completely in
terms of F‖:
E⊥ = −
[
1
κ
F ′‖
]′
− κF‖ , (26)
independent of the specific model. If F‖ = 0, then F⊥ = 0 as well, and Eq.(26) is satisfied identically.
We will see in section 7.1 that when H is scale invariant, not just the functional form of F⊥ but also that of
F‖ itself is constrained.
3.1 Reparametrization invariance and E‖ = 0
Our framework exploits the arc-length parametrization of the curve. The price paid is the breaking of manifest
reparametrization invariance. As we will see, a consequence is that the tangential Euler-Lagrange equation is no
longer satisfied identically. Its new role is to determine the multiplier T imposing the unitary constraint on the tan-
gent vector, which flags s as arc-length.
To determine T, let us use the definition of F‖ and F⊥ in Eq.(21) to recast Eq.(25)(b) in the form
(T − 2Hκκ)′ +Hκκ′ = 0 . (27)
Using the definition of Hκ as the Euler-Lagrange derivative with respect to κ, we can show that T is given by
T = −H+ 2Hκκ+ Pκ κ′ + Pκ′ κ′′ + Pκ′′κ′′′ + · · · , (28)
where, admitting a dependence on κ and its first three derivatives,2 the P s appearing in Eq.(28) are given by
Pκ =
(
∂H
∂κ′
)
−
(
∂H
∂κ′′
)′
+
(
∂H
∂κ′′′
)′′
Pκ′ =
(
∂H
∂κ′′
)
−
(
∂H
∂κ′′′
)′
;
Pκ′′ =
∂H
∂κ′′′
. (29)
2Only Pκ is non-vanishing for conformal arc-length. But it is not an idle exercise to admit this dependence if we are interested in
examining energies involving the conformal curvature.
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We can now write the tangential tension as
F‖ = T −Hκκ = −H+Hκκ+ Pκ κ′ + Pκ′ κ′′ + Pκ′′ κ′′′ . (30)
It is perhaps surprising that the solution of the equation E‖ = 0 in favor of T is completely tractable independent
of the specific model being examining. If the reader prefers, they can evaluate T directly imitating the treatment of
surfaces [18]; in this approach, the reparametrization invariance is manifest, and T is identified as a one-dimensional
metric stress. Viewed this alternative way, the identity (25)(b) becomes tautological, a Bianchi identity. The two
approaches end up, of course, in the same place. The identification of T restores the manifest reparametrization
invariance that was temporarily suspended in choosing s to parametrize the curve.
We will see that in scale invariant theories, the steps taken in section (3.1) are obviated; this is because the tangential
stress is completely determined by the scaling current without any reference to the multiplier, T .
4 Conformal arc-length and tension
If H is a function only of κ′, the tangential tension (30) reduces to
F‖ = −H+Hκκ+
(
∂H
∂κ′
)
− κ′ . (31)
In particular, if H(κ′) = κ′1/2, then F‖ = −
(
κµ
)′
/2, where µ = κ′−1/2 introduced in section (2.2). Using Eq.(25)(b)
to cast F⊥ in terms of F‖, we find
F =
1
2
[
−(κµ)′ t+ 1
κ
(
κµ
)′′
n
]
=
1
2
[
−(κµ)′ t+ µ′′ n] , (32)
the latter expression coinciding with Eq.(3).
4.1 K is constant in equilibrium:
We now establish the relationship between the Euler-Lagrange derivative of H0 with respect to X and the conformal
curvature, K. Substituting the expression for F given on the second line in Eq.(32) into Eq.(26), we find that
2µ E⊥ = µµ′′′ + κµ(κµ)′
=
(
µµ′′ − µ′2/2 + (κµ)2/2)′ . (33)
We thus establish the identity
E⊥ = − 1
2µ
K′ , (34)
using the definition of K in terms of µ given by (18).
Two geometrical consequences of the identity (34) are the following:∫
ds µ E⊥ = −1
2
∫
dsK′ , (35)
and thus this new invariant is completely determined by the boundary conformal curvature. In addition,
∫
ds
√E⊥ is
also a conformal invariant. It may not demand our immediate attention; intriguingly, however, the conformal curvature
K plays the same role in this invariant as the one played by κ in the conformal arc-length.
In this context, it is worth revisiting the relationship between the Euler-Lagrange equation E⊥ = 0 and the con-
servation law, F′ = 0 established in section 3. Even though F itself is not a primary field, E⊥ is. In equilibrium, with
E⊥ = 0, K is constant. The Euler-Lagrange equation thus partitions solutions into conformal equivalence classes,
characterized by this constant. The way we will navigate this partition is to construct the conserved conformal currents
which are then integrated (in section 8). First stop is to examine the implications of the conservation law F′ = 0,
without further input from the remaining conservation laws.
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4.2 Integrating F′ = 0
Let the constant equilibrium tension be directed along the vector i: F = F i. The tangent and normal vector can be
expressed in terms of their projections along the orthogonal vectors i and j, t = (X ′, Y ′) and n = (Y ′,−X ′)) where
X = (X,Y ). Now, upon integration, the projection of F, given by Eq.(32), onto t implies
2(FX +M1) = −κµ , (36)
where M1 is a constant of integration. As we will show, Eq.(36) reproduces the conservation of the scaling current
Eq.(54) discussed in subsection 7.1. The projection onto n gives
2(FY +M2) = µ
′ , (37)
where M2 is a second constant of integration. As we will also show, Eq.(37) reproduces the conservation of torque
Eq.(53) discussed in subsection 6.2. If F 6= 0, it is always possible to perform a translation along i so that the point
where κ = 0 lies at the origin and M1 = 0.
Eqs.(36) and (37) together imply 4|FX+M|2 = (κµ)2 + µ′ 2, where we define (M = (M1,M2)). The conservation
of the tension subsumes the conservation laws associated with scaling and rotations. To complete the construction of
equilibrium trajectories we will appeal to the special conformal current constructed in section 7.2. Let us first confirm
that the only tension-free states are logarithmic spirals and examine their conformal curvature.
5 Tension-free states are logarithmic spirals
A necessary and sufficient condition that F = 0 in equilibrium is that F‖ = 0. This is because, modulo F‖ = 0,
Eq.(25)(b) implies that F⊥ = 0. As we have seen, this is equivalent to the condition F‖ = −(κµ)′ = 0, so that
(S = −M1 in Eq.(36))
κ2
|κ′| = 4S
2 , (38)
where S is a constant we will identify with the conserved scaling current in section 7.1. The curvature along spirals
with positive κ are
κ =
4S2
s
, (39)
which describes a logarithmic spiral. Thus tension-free curves are identified as logarithmic spirals. There is, of course,
a mirror image with negative κ and opposite chirality. Eq.(39) implies that the radius of curvature glows linearly with s.
Let us now examine the conformal curvature in these spirals. Using Eq.(4) or (18) we determine
C0 = 1− 16S
4
8S2
. (40)
Thus C0 = 0 if and only if S = 1/2. Logarithmic spirals with different values of S2 are conformally inequivalent. Sim-
ilarity transformations do not map one into another. Because equilibrium curves have constant C0, every equilibrium
in conformally equivalent to a logarithmic spiral. This is not generally true of the tension-free states of higher order
conformally invariant energies.
For the record, we recall the connection between the curvature and the trajectory it defines. A logarithmic spiral
is described, modulo a Euclidean motion, by
|X|2 = α2s2 , (41)
where α ≤ 1 is constant. The distance traveled along the curve is proportional to the distance from the apex atX = 0.
To see this, differentiate across Eq.(41) with respect to arc-length to obtain t ·X = α2s, or equivalently, t · Xˆ = α,
reproducing the familiar result that the tangent vector meets the radial vector at a constant angle.3 Differentiating
Eq.(41) once again implies
1− κn ·X = α2 . (42)
3In polar coordinates, ρ = αs which implies αsϕ′ =
√
1− α2, or ϕ ∼ 4S2 ln s.
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The completeness of t and n then gives
α2s2 = α4s2 + (1− α2)2/κ2 , (43)
which coincides with the expression (38) for κ, with the identification
4S2 =
√
1− α2
α2
or α−2 = 1 + 16S4 . (44)
6 Boundary Variations and Conservation Laws
The conserved currents associated with the symmetries of the energy can be identified by examining the boundary
terms accumulated in the variation of HC , defined by Eq.(20).
Collecting boundary terms we have
δHC [X, . . . ] =
∫
dsF′ · δX+
∫
dsQ′ , (45)
where
Q = Hκ t · δn− F · δX+ Pκ δκ+ Pκ′ δ(κ′) + Pκ′′ δ(κ′′) , (46)
where Hκ is the unconstrained Euler-Lagrange derivative with respect to κ ( Eq.(110) in the appendix) and Pκ, Pκ′
and Pκ′′ are defined in Eq. (29). The first two terms originate in the variations of HC with respect to X and n
when derivatives are peeled off the variation and collected in a derivative. For the familiar Euler Elastic energy, or
any energy involving κ, the P s vanish, and these are the only two boundary terms. If H depends on first (second
or third) derivatives of κ, additional terms make an appearance. For conformal arc-length only Pκ appears. If, how-
ever, H involves the conformal curvature it will depend on κ, κ′, κ′′ and κ′′′ and Pκ′ and Pκ′′ will also be non-vanishing.
On stationary curves, the first term in Eq.(45) vanishes, and only the boundary terms survive.
6.1 Reparametrization invariance and vanishing Hamiltonians
A useful preliminary validation of Eqs.(45) and (46) is to establish the consistency with the reparametrization invariance
of the energy. Under a reparametrization, s→ s+ Ψ(s), the linear response of the scalar HC is given by
δΨHC =
∫
ds(HΨ)′ . (47)
Using Eq.(46), and noting that δI = I ′Ψ for each scalar I, we identify Q = H(0)Ψ where
H(0) = Hκ κ− F‖
+Pκ κ
′ + Pκ′ κ′′ + Pκ′′ κ′′′ . (48)
If H(0) = H, as it should, this identity simply reproduces the expression (30) for F‖ that follows from Eq.(28).
Reassuringly reparametrization invariance reproduces a tautological identity. This can also be reread in terms of the
vanishing of the canonical Hamiltonian for the Action defined by HC , with the identification of the canonical momenta
associated with each of the variables appearing in the constrained Hamiltonian HC , (up to third order in derivatives):
PX = F
Pt = 0 ; Pn = Hκ t , (49)
and Pκ, Pκ′ and Pκ′′ are the momenta canonically conjugate to κ, κ′ and κ′′ respectively.
The canonical Hamiltonian density, given by
H = PX ·X′ +Pt · t′ +Pn · n′ + Pκ κ′ + Pκ′ κ′′ + Pκ′′ κ′′′ −H , (50)
vanishes. H generates Hamilton’s equations through its Poisson brackets with the canonical variables, following the
appropriate extension of the Ostrogradskii framework ([22]) to the Hamiltonian defined by Eq.(50). These equations
are completely equivalent to the Euler-Lagrange equations. This approach is of interest in its own right but lies outside
the scope of this paper.
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6.2 Euclidean Invariance and Conservation laws
Under rotation in the plane centered on the origin, to first order in the angle ω,
δω Sboundary = ω
∫
dsM ′ , (51)
where
M = (X× F) · k−Hκ . (52)
In equilibrium, the torque M is conserved, M ′ = 0. If F is directed along i, then
M = µ′/2− FY , (53)
where µ = κ′−1/2, which is consistent with Eq.(5), and reproduces Eq.(37) with the identification, M = M2.
If F = 0, M is given in terms of S, the constant appearing in Eq.(39), by the relationship 4MS = 1. Thus
the torque and the scaling current S (constructed in section 7.1), are not independent in logarithmic spirals. In
tension-free states this is a Euclidean invariant statement; in general, such a simple relationship does not hold; indeed
the definitions of neither M nor S are translationally invariant if F 6= 0. One possible resolution is proposed in section
10.
7 Conformal Invariance and its manifestations
Let us now re-focus the discussion on conformally invariant energies, and the identification of the currents capturing
this additional invariance. Here it will become instructive to examine these currents not only in equilibrium but also
away from it. First let us look at scaling. As we will see, the behavior of a scale invariant energy implies a constraint
on the form of F‖, without reference to equilibrium. This has far-reaching consequences.
7.1 Scaling Current
Under a rescaling, δνX = νX, and δνn = −νn, whereas δνκ = −νκ, δνκ′ = −2νκ′ and so on. Substituting into
Eq.(46), we set Q = −νS, where the scaling current S is given by
S = F ·X+ SD , (54)
and
SD := Pκ κ+ 2Pκ′ κ
′ + 3Pκ′′ κ′′ , (55)
where Pκ, Pκ′ and Pκ′′ are defined by Eq.(29). Note the factors of two and three multiplying the second and third
terms in SD. The current S satisfies
S′ = F′ ·X (56)
whenever the energy is scale invariant. S is thus conserved if F is.
If H = H(κ), without derivatives then SD = 0 and Eq.(56) implies that F‖ = 0 if H is scale invariant. But,
as we saw in section 3, this implies that F vanishes identically. There thus can be no non-trivial scale invariants
constructed with κ alone. More generally, Eq.(56) is equivalent to the statement that
F‖ = −S′D . (57)
Thus, whenever H is scale invariant (and whether the curve is in equilibrium or not), F‖ is expressible as a derivative.
From a purely practical point of view this identity is useful, bypassing the need to evaluate the multiplier T, all
the more so for higher order scale invariant energies. We have already encountered this identity for the conformal
arc-length, by simply collecting terms. It would be fair to say that the identity (57) is not evident in the construction
of F‖ leading to Eq.(30). Now we can understand why. As we will now show, this is the Euler scaling equation one
would have anticipated, albeit in disguise.
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For an energy of the form H(κ, κ′, κ′′, κ′′′), Eqs.(30) and the scaling identity (57) together imply
−H+Hκκ+ Pκ κ′ + Pκ′ κ′′ + Pκ′′ κ′′′ = −(Pκ κ+ 2Pκ′ κ′ + 3Pκ′′ κ′′)′ . (58)
Disassembling the P ′s defined in Eq. (29) and Hκ (Eq. (110) in the appendix), into their constituent partial
derivatives and collecting terms, we see that
−H+
(
∂H
∂κ
)
κ+ 2
(
∂H
∂κ′
)
κ′ + 3
(
∂H
∂κ′′
)
κ′′ + 4
(
∂H
∂κ′′′
)
κ′′′ = 0 . (59)
There is, of course, enormous liberty constructing scale invariants involving κ and κ′. A non-trivial one-parameter
family was written down in Eq.(2). It is, however, now clear that, the only possibilities involving first derivatives are of
the form κF(κ′/κ2), where F is some function of its argument. The only conformally invariant among them, however,
is the conformal arc-length H0, with F(x) = (x2 + 1)1/4. There are even more scale invariants if κ′′ is admitted,
but not a single new conformal invariant. Ss was seen in section 2.2, one needs to proceed to a dependence on the
conformal curvature. An interesting alternative approach to the issue will be provided by examine the conservation of
special conformal currents in section 9.
For the conformal arc-length, with F aligned along i, S = FX + κµ/2, reproducing Eq.(6)(a). Using Eq.(36),
with M1 the constant of integration introduced in that equation, the identification S = −M1 follows. Notice that the
scaling current is not a Euclidean invariant unless F = 0. If F 6= 0, it is possible to set S = 0 using an appropriate
translation parallel to F.
7.2 Special Conformal Current
To identify the special conformal current we first examine the behavior of a curve under special conformal transforma-
tions, the composition of an inversion with a translation followed by a second inversion, lineared in the intermediate
translation δc: this takes the form δcX = |X|2 RX δc, where RX is the linear operator defined in Eq.(11). The
constant vector δc has dimensions of inverse length squared.
Using the results gathered in the appendix we find that
δcds = −2 (X · c) ds . (60)
In addition,
δcn = 2(X · n) c− 2(n · c)X , (61)
and
δcκ = 2[(X · c)κ− (n · c)] ; (62a)
δcκ
′ = 4(X · c)κ′ ; (62b)
δcκ
′′ = 6 (X · c)κ′′ + 4(t · c)κ′ . (62c)
The latter two identities are required to study curvature dependent energies involving κ′′ and κ′′′. Using Eq.(46),
and the results just collected, we identify the conformal current G associated with any conformally invariant energy
involving three derivatives or less (Q = G · c):
G = −2HκX⊥ − |X|2F+ 2SX− 2Pκ n+ 4Pκ′′ κ′ t . (63)
The variables Hκ, Pκ and Pκ′′ are defined explicitly by Eqs. (110) and (29). We have used the identity −|X|2RXF+
2SDX = −F + 2SX, as well as the decomposition of S given by Eqs.(54) and (55). We have also introduced
the vector X⊥, defined by Eq.(7) in the introduction. Note that X⊥ is orthogonal to X, with equal magnitude,
|X⊥|2 = |X|2. In addition,
X′⊥ = n . (64)
Eq.(64) identifies X⊥ as a potential for the normal vector [21], X⊥ = (Y,−X).
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7.3 The Casimir Invariant and Conserved Currents
For the conformal arc-length the conformal current G given by Eq.(63) simplifies, using the identity Pκ = µ/2,
µ = κ′−1/2, to reproduce Eq.(6)(b)
The isomorphism between the Möbius group and the four-dimensional Lorentz group implies the identity between
the conformal curvature and a quadratic in the currents:
K/2 = G · F− S2 +M2 . (65)
The individual currents F,G,M and S are not invariant; but K is. K is identified as the Casimir invariant of the
Möbius group for the Möbius arc-length. When the four currents are conserved K is also. In a more general Möbius
invariant theory, the Casimir invariant will not be the conformal curvature, but instead some higher order conformal
invariant. Nor will K generally be conserved.
8 Trajectories from the conformal current
Let us first examine tension-free states. We have already seen that they are necessarily logarithmic spirals so the
reader would justifyibly not expect to gain any additional insight by studying the conservation of G when F = 0.
However, even if this were the case, it is not true of higher order invariant energies or indeed for conformal arc-length
when one steps up a dimension [7]; as we show the conservation law has unexpected consequences.
8.1 F = 0
If F = 0, then the definition of the torque given by Eq.(52) impliesHκ is constant, Hκ = −M . Thus under translation,
the conformal current in a tension-free state transforms by a constant vector:
G(X+ a) = G(X) + 2M [(a · t)n− (a · n) t] + 2S a . (66)
We can exploit this invariance to translate the tension-free curve so that G = 0 for appropriately chosen a. This
places the apex at the origin.
In a tension-free state of the conformal arc-length, with F‖ = 0, the scaling identity (57) implies κµ/2 = S, where
S is the conserved scaling current reproducing Eq.(38) and its solution, κ = 4S2/s, describing a logarithmic spiral.
The vanishing conserved current provides an alternative derivation of the connection between κ and |X| discussed in
section 5. To see this, note that when G = 0 and F = 0, Eq.(6)(b) implies
0 = − 1
2S
X⊥ + 2SX+
s
2S
n , (67)
where X⊥ is given by Eq.(7). Projecting Eq.(67) onto the orthogonal vectors, X and X⊥, we obtain
4S2 |X|2 + s (X · n) = 0
− |X|2 + s (X · t) = 0 . (68)
These two equations imply
(1 + 16S4)|X|2 = s2 , (69)
which, with the identification (44), is the spatial description of a logarithmic spiral treated in section 5. Choosing the
origin so that G = 0 places it at the apex of the logarithmic spiral.
In a tension-free state (a logarithmic spiral), we can also project Eq.(67) onto the tangent direction so that
(X · n) = 2S2 (|X|2)′ , (70)
or
S2 |X|2 = 1
2
∫
ds (X · n) = A , (71)
where A is the area of the multi-covered region illustrated in Figure 1 that is subtended by the spiral as it unwinds.4
4Using the results of section 5, (X · n)2 = |X|2(1− α2), so that 4A = α(1− α2)1/2s2. Eq.(71) then implies S2 = (1− α2)1/2/(4α)
which reproduces Eq.(44.
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8.2 General F
Let us now remove the constraint on F. Now the conformal current G, given by Eq.(6)(b), cannot be translated
away. Its projections along X and X⊥ = (Y,−X) give respectively
G ·X = |X|2 (2S − F ·X)− µ (n ·X) ; (72a)
G ·X⊥ = µ′ |X|2 − |X|2F ·X⊥ − µ |X|2′/2 . (72b)
Eliminating µ and µ′ using Eqs.(36) and (37), these two equations read
G1X +G2Y = |X|2 (2S − FX) + 2(FX +M1) 1
κ
(Y ′X −X ′Y ) ; (73a)
G1Y −G2X = (FY + 2M2) |X|2 + 2(FX +M1) 1
κ
(XX ′ + Y Y ′) . (73b)
Note the identityM1 = −S, identifying the constant of integration in Eq.(36) with S, derived in the last paragraph of
section (7.1). These equations suggest a change from Cartesian to polar variables adapted to the tension, and some
origin, as yet not specified. Using Y ′X −X ′Y = ρ2φ′,
2(Fρ cosφ+M1)
1
κ
ρ2φ′ = (Fρ cosφ+ 2M1) ρ2 + (G1 cosφ+G2 sinφ) ρ ; (74a)
2(Fρ cosφ+M1)
1
κ
ρρ′ = −(Fρ sinφ+ 2M2) ρ2 + (G1 sinφ−G2 cosφ) ρ . (74b)
Upon division, one obtains
ρ
dφ
dρ
= − (Fρ cosφ+ 2M1)ρ+ (G1 cosφ+G2 sinφ)
(Fρ sinφ+ 2M2) ρ− (G1 sinφ−G2 cosφ) . (75)
But 1/ρ′2 = 1 + ρ2(dφ/dρ)2, so that[
1 +
(
(Fρ cosφ+ 2M1)ρ+ (G1 cosφ+G2 sinφ)
(Fρ sinφ+ 2M2) ρ− (G1 sinφ−G2 cosφ)
)2]
ρ′2 = 1 ; (76a)
ρ′2 + ρ2 φ′2 = 1 . (76b)
This pair of coupled ordinary differential equations provide an arc-length-parametetrized solution of the Euler-Lagrange
equation. Rather than solve these equations we will appeal to the fundamental theorem to generate trajectories by
conformally transforming the tension-free logarithmic spirals.
It is also instructive to examine the counterpart of Eq.(76) in a Cartesian chart, identified by summing X times
(73)(a)+ Y times (73)(b), and subtracting Y times (73)(a)- X times (73)(b) to disentangle derivatives. On collect-
ing terms, we obtain
2F (FX +M1)
1
κ
Y ′ = (FX +M1)2 − (FY +M2)2 +G1F −M21 +M22 (77a)
2(FX +M1)
1
κ
X ′ = −
(
2FXY + 2(M1Y +M2X) +G2
)
, (77b)
which together imply a single ordinary differential equation analogous to Eq.(75),
dX
dY
= −
F
(
2FXY + 2(M1Y +M2X) +G2
)
(FY +M2)2 − (FX +M1)2 − C0/2 . (78)
In this Cartesian presentation, it is evident that translations amount to redefinitions of the parameters.
An alternative derivation of Eq.(77)(a) is instructive. This involves cycling the integration of the conserved tension,
captured by Eqs.(36) and (37) through the Euler-Lagrange equation expressed in terms of the conformal curvature,
Eq.(34):
− µµ′′ − κ2µ2/2 + (µ′)2/2 = C0 , (79)
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where C0 is the constant conformal curvature. Substituting Eqs.(36) and (37) into Eq.(79) we rediscover Eq.(77)(a)
if the identity
1
2
C0 +G1F −M21 +M22 = 0 , (80)
is made. This is simply Eq.(65) in the appropriately rotated frame, with tension F i, torqueM2 and scaling currentM1.
If F = 0, Eq.(80) implies C0 + 2(S2 −M2) = 0. Comparison with Eq.(40) reproduces the constraint 4MS = 1.
9 A note on G and the identification of conformal invariants
Using Eq.(45), it is evident that for any Möbius invariant, the current G satisfies
G′ = −|X|2RXF′
= 2F′ ·XX− |X|2F′
= 2S′X− |X|2F′ . (81)
It is thus clear that G is conserved when F (and along with it S) is. Eqs.(81) and (56) together capture the Möbius
invariance.
Eq.(81) can be cast as the following pair of equations, corresponding to its projections on n and t respectively:
2
(
∂H
∂κ′′′
)
κκ′ +
(
∂H
∂κ
)
= 0 ; (82a)
2
(
∂H
∂κ′′
)
κ′ + 5
(
∂H
∂κ′′′
)
κ′′ = 0 . (82b)
A derivation is provided in the appendix.
Curiously, these identities do not involve first derivatives. They are thus automatically satisfied by the conformal
arc-length. If H depends on κ′ alone, the appropriate power of κ′ is fixed by scale invariance, also captured in the
scaling identity, Eq.(59). Nor do there exist any additional conformal invariants involving κ, κ′ and κ′′. As argued in
section 2.2, it is necessary to proceed to third order (accommodating κ′′′) to construct an invariant other than S.
Eq.(82)(a) implies that H cannot depend on κ unless it also depends on κ′′′ 5; Eq.(82)(b) implies that H also
cannot depend on κ′′ unless it also depends on κ′′′ or higher derivatives. After conformal arc-length, the next simplest
invariant of a planar curve is a function of the conformal curvature, involving κ and its first three derivatives. If
H = F(κ′,K), then K also satisfies Eqs.(82). In particular, K = (4κ′(κ′′′−κ2κ′)−5κ′′2)/8κ′3 satisfies Eq.(82). The
normalization by a function of κ′, to reproduce the definition of the conformal curvature is fixed by scale invariance.
10 Generating Tension by inversions of log spirals
Whereas the energies of two curves related by a conformal transformation coincide, the tension in the two will generally
differ. Because all equilibrium states are conformally equivalent to some tension-free logarithmic spiral, this provides
a constructive approach to generating these states.
Begin by examining the behavior of tension-free states under Mobius transformations. Under conformal inversion,
using the results of section 2.1, the transformed tension (32) reads
F→ F¯ = |X|2RXF+ |X|2
(
n ·X
|X|2κ′1/2
)′
RXt+ |X|2
(
t ·X
|X|2κ′1/2
)′
(−)RXn . (83)
5 In this context, note that the topologically invariant rotation number involves boundary terms. Our search strategy only discovers
strict conformal invariants. An interesting challenge is to accommodate boundary terms.
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In the first term, the shorthand RXF has been used, where RX is the linear operator defined by Eq.(11) representing
a reflection orthogonal to X. Technically, a relative minus sign appears in the normal projection associated with the
orientation change of n.
Let F¯ = 0, so that
F = −
(
n ·X
|X|2κ′1/2
)′
t+
(
t ·X
|X|2κ′1/2
)′
n . (84)
Projection onto tangential and normal directions, as in section 4.2, gives
FX ′ = −
(
n ·X
|X|2κ′1/2
)′
FY ′ = ±
(
t ·X
|X|2κ′1/2
)′
; (85)
which can be integrated. Squaring and summing the integrated expressions gives
|X|4 |FX+M0|2 κ′ = (n ·X)2 + (t ·X)2 , (86)
or
|X|2 |FX+M0|2 κ′ = 1 , (87)
where again M0 = (M1,M2). Thus κ′ depends only on the position. Alternatively, eliminate κ′ symmetrically:
(n ·X) (FY +M2) = (t ·X) (FX +M1) . (88)
The completeness of t and n then implies
|X|2 =
[
1 +
(
FX +M1
FY +M2
)2]
(t ·X)2 , (89)
This determines (t ·X) completely in terms of X. If F = 0, the only solution is X · t = c|X|. In general, the curve
is traced by [
1 +
(
Fρ cosφ+M1
Fρ sinφ+M2
)2]
ρ′2 = 1 ; (90a)
ρ′2 + ρ2 φ′2 = 1 . (90b)
The apparent discrepancy between Eqs.(90) and Eqs.(76) is due to the choice of origin in the derivation given here.
More straightforwardly, we simply note that all equilibrium states can be generated by inversion in a sphere of radius
R centered at a point ρ0x0 i of the logarithmic spiral, defined by ρ/ρ0 = exp(φ/4S20), with scaling constant S0, and
a scale ρ0. The resulting curve is 6
ρ0X/R
2 =
(
exp(φ/4S20) cosφ− x0, exp(φ/4S20) sinφ
)
(exp(φ/4S20) cosφ− x0)2 + (exp(φ/4S20) sinφ)2
. (91)
If φ→ −∞, X0 = (1, 0)/x0; whereas if φ→∞, X0 = 0. Thus the distance between the two poles, centered along
the x-axis is x−10 . Each of these geometries is a double spiral. Notice that the chirality changes upon inversion.
If x0 = −(−1)n exp(npi/4S20), with n an integer, the geometry is a symmetric double spiral with Z2 rotational
symmetry about the point (x0/2, 0). This geometry is illustrated in Figure 2 (b) for x0 = −1 (n = 0).
If x0 = (−1)n exp(npi/4S20), the center of inversion lies on the logarithmic spiral. Points on the two sides get
mapped to infinity in opposite directions as illustrated in Figure 2 (c)when x0 = 1 (n = 0). The double spiral
disconnects into two parts. The asymptotic line of this hyperbolic spiral has a tangent angle θ∞, independent of x0
and the order of intersection n, given by tan θ∞ = 2S20 . This is easily confirmed: notice that, when e
2pivn = x0,
6φ is not the polar angle on the double spiral. x0 here is adimensional, a ratio of scales. To avoid dimensionally correct clutter, set
R = 1 and ρ0 = 1.
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Figure 3: κ vs φ in a symmetric double spiral with n = 0.
the numerators in Eq.(91) vanish so the the tangent vector is determined by their derivatives. Again these limiting
geometries exhibit Z2 symmetry. As we will see, the conserved currents are continuous as the parameters are dialed
through the hyperbolic values.
For fixed S0, and tuning x0, we alternate between symmetric double and hyperbolic spirals. Notice that while
the value φ = npi occurs along the horizontal axis, φ = 0 itself has no geometrical significance. For each geometry
κ is monotonic, exhibiting a single inflection point (or linear asymptotes, if hyperbolic) with κ = 0. Generally this
inflection point does not occur on the horizontal axis, except when x0 is tuned so that the geometry possesses Z2
symmetry and it occurs at (x0/2, 0).
The φ dependence of the curvature along the double spiral with x0 = −1, given by
κ = exp(−φ/4S20)
(x20 − exp(φ/2S20) + 2x0 exp(φ/4S20)/4S20 sinφ)
(1 + x20)
1/2
, (92)
is illustrated in Figure 3.
The constant tension, given by Eq.(32), is evaluated for the double spiral to be
F =
√
1 + 16S40
2S0
x0
[
4S20√
1 + 16S40
i− 1√
1 + 16S40
j
]
. (93)
The magnitude is proportional to x0 (the inverse distance between the poles), with a minimum, for fixed x0 when
2S0 = 1, so that the conformal curvature, as given by Eq.(40), vanishes. Interestingly, vanishing conformal curvature
does not imply vanishing F. |F| diverges at S0 = 0 and well as in the limit, S0 → ∞. Notice that the tension
is never directed along the line connecting the two poles. The tangent of the angle F makes with this direction is
tan θF = −1/4S20 , independent of x0, and as such completely determined by the original logarithmic spiral. It is
not a coincidence that θF coincides with the angle that the normal to this spiral makes with the radial direction
discussed below Eq.(41): this is, after all, the only angle defined for any fixed S0. In this context it is also relevant
that the chiral double spirals are not symmetric with respect to reflections in the Y axis. The offset F with respect
to the vector connecting the poles reflects this asymmetry. Its value, of course, is encoded in the scaling behavior
of the original logarithmic spiral. This vector is illustrated in Figures 5 (a) and (b) for fixed S0 and fixed x0 respectively.
Logarithmic spiral are described by the trajectory Γ : 4MS = 1 on the M − S plane. As x0 is increased for
fixed S0, we would expect the corresponding values of S and M , neither of which is a conformal invariant, to change.
If, however, we use the naive expressions (54) for S, S = F ·X+κµ/2, and (52) for M , M = (X×F) ·k+µ′/2, we
find that S = S0 and M = 1/4S0, thus appearing unchanged. However, the appropriate origin for scaling is not the
origin but the center of inversion, x0, so that X should, more correctly, be replaced by X−x0 in the two expressions.
The corresponding trajectories S(S0, x0),M(S0, x0), for fixed S0, are given by
S = (2x20 + 1)S0 ; (94a)
M = (2x20 + 1)/4S0 . (94b)
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Figure 4: Behavior of |F| and F · i as functions of S0 for fixed values of x0.
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Figure 5: Double Spiral trajectories F for fixed S0 and fixed x0: (a) S0 = 1, Black x0 = −1, Red x0 = −3/2; (b) x0 = −1,
Black S0 = 1, Red S0 = 1/
√
2
Thus, if S0 is constant: M = S/4S20 ; whereas if x0 is constant, 4MS = (1 + 2x
2
0)
2, which are straight lines and
hyperbolae respectively illustrated in Figure 6.
There remains to evaluate G, given by Eq.(63), with X replaced by X − x0. We can anticipate that the angle
θG that G makes with the polar axis, θG = ±θF. Calculation reveals a minus sign, so that Gˆ · Fˆ = cos 2θF.
Consistency with the Casimir identity, (65), implies
|G| =
√
1 + 16S40
2S0
|x0|(1 + x20) . (95)
11 Second Variation of the Conformal arc-length
Curiously, as demonstrated by Bolt [12], if the end points, as well as the tangents and curvatures are fixed, a loga-
rithmic spiral is a local maximum of the conformal arc-length, H0. The extremal properties of logarithmic spirals can
be confirmed transparently using the framework developed here.
Let Φ = n · δX represent the normal deformation of the curve. The boundary conditions we admit imply that
Φ,Φ′ and Φ′′ = 0 on the ends.7 Using Eq.(19), the second variation of H0 is given, modulo E0 = 0, by
δ2H0 =
∫
ds δE⊥Φ , (96)
7Note that states conformally equivalent to the logarithmic spiral will satisfy different boundary conditions.
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Figure 6: Parameter Space. Logarithmic Spirals are represented by the hyperbola 4MS = 1. The region below this curve is
inaccessible; Double spirals of constant x0 are also represented by hyperbolas 4MS = (1 + 2x20)2, whereas those of constant
S0 are represented by the straight lines M = S/4S20 .
where δE⊥ is the change in the normal Euler-Lagrange derivative under normal deformations. Noting that F‖ = 0
along the spiral, we can use Eq.(26) to express8
δE⊥ = −
[
1
κ
(δF‖)′
]′
− κδF‖ , (97)
where κ is the Frenet curvature along the spiral. Using Eq.(97), and performing the appropriate integrations by parts,
Eq.(96) can be cast in the form
δ2H0 =
∫
ds κ (Φ¨ + Φ) δF‖ . (98)
We now use the scaling identity (57) F‖ = −S′D, where SD = κ′−1/2κ/2. Modulo F‖ = 0 or constant SD, this
identity allows us to express
δF‖ = −(δSD)′ ; (99)
as a result
δ2H0 =
∫
ds [κ (Φ¨ + Φ)]• κδSD . (100)
This is true of any scale invariant. The non-trivial (or model specific calculation is the determination of δSD, the
deformed scaling current. Now δSD = −S3 δS−2D /2, where
δS−2D = 4 δ
(
κ′
κ2
)
= −4 δ
(
1
κ
)′
; (101)
One now has
δ
(
1
κ
)′
= −
[(
δκ
κ2
)′
− dδs
ds
(
1
κ
)′]
= κ[Φ¨ + κ˙Φ˙/κ+ κΦ)]•
= [κ(Φ¨ + Φ)]• + κ
(
κ˙
κ
)•
Φ˙ , (102)
where the two identities δds = κΦ ds, and δκ = −Φ′′ − κ2Φ as well as the relationship Φ′′/κ2 = Φ¨ + κ˙Φ˙/κ have
been used on the second line. But the second term on the last line vanishes along a logarithmic spiral. We are left
with the result
δ2H0 = −4S3
∫
dΘ
(
[κ (Φ¨ + Φ)]•
)2
, (103)
8Alternatively, we could have used E⊥ = −µ−1K′/2. In this context it would be interesting to examine how the conformal curvature
transforms under deformations.
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an expression that is manifestly negative. Significant the energy is not a minimum in these states. From a physical
point of view it would be more appropriate to associate an energy −H0 with curves. One should, however, be leery of
assigning a physical significance to H0 itself. More relevant is that the energies yield identical conformally invariant
Euler-Lagrange equations which, in a classical physical sense, are more fundamental and describe the simplest possible
conformal mechanics, whatever sleight of hand has been played in its identification. This issue is addressed in reference
[23].
12 Conclusions: whither Spira Mirabilis
In this paper we have examined a minimal mechanical model in which logarithmic spirals occur as equilibrium states.
The appropriate energy is Möbius invariant. In this setting the characteristic self-similarity of the Spira Mirabilis that
inspired Jacob Bernouilli can be attributed to its identification as a tension-free equilibrium state of a Möbius invariant
energy, and as such robbed of an intrinsic length scale. While the details have been fleshed out when the energy is
the Möbius invariant arc-length the relationship between the breaking of conformal symmetry through the vanishing
tension and self-similarity would appear to be of a fundamental nature. We have identified the four conserved currents,
the tension and torque associated with the Euclidean invariance, in addition to the scaling and special conformal cur-
rent associated with conformal invariance. Stationary states fall into conformal equivalence classes, each containing
a logarithmic spiral. The conserved currents play a central role in the construction of these states.
A feature of local conformally invariants associated with curves is that they necessarily involve higher derivatives.
The conformal arc-length these are first derivatives of the Frenet curvature; the corresponding conformally invariant
bending energy (8), quadratic in the conformal curvature, involving three derivatives of κ, an order physicists are
unaccustomed to treating in the calculus of variations, and if obliged only do so reluctantly. Just as logarithmic spirals
form the one-parameter family of tension-free states of the conformal arc-length, each conformally invariant energy
will generate its own self-similar tension-free states. Moreover these states will generally exhibit internal structure
missing in logarithmic spirals. Understanding how this additional structure overlays the elementary spiral growth is a
line of research likely to be worth pursuing.
In a followup paper, we will outline how the framework we introduce here can be extended to Möbius invariant
bending energies and other invariants. We again show how the Euler-Lagrange equation can be cast in a manifestly
Möbius invariant form and sketch the construction of its self-similar tension-free states using the conserved currents.
Logarithmic spirals occur; but as one might have suspected, additional self-similar states exhibiting internal structure
are discovered as tension-free equilibrium states. Whereas all equilibrium states of the conformal arc-length are con-
formally equivalent to tension-free states, it is not clear if an analogous property holds in general.
One does not expect self-similar analogues of logarithmic spirals on Riemannian manifolds. Nor, in general, does
one even possess a conserved tension. Nevertheless there are interesting analogues of some of the questions that have
been explored here.
The original motivation for this work was the identification of tension-free states of the generalization of the conformal
arc-length to three or higher-dimensions, given by
S =
∫
ds (κ′2 + κ2τ21 )
1/4 , (104)
where τ1 is the first Frenet torsion [9, 24]. This problem has been addressed by Musso (in three dimensions) and
extended by Magliaro et al to higher dimensions [24, 25]. These two papers are tours de force, but not for the
faint-hearted. To identify self-similar states it is necessary to reexamine the problem with a focus on the tension, and
how its vanishing propagates through the remaining conservation laws [7, 23]. This focus involves the dismantlement
of conformal just as it did here in the simpler planar setting. It will be seen that these states exhibit considerably
more structure than their planar counterparts. We will find that the scaling current constraints the torsion in terms
of the curvature; and torque conservation provides a quadrature for κ. The vanishing special conformal current then
permits the construction of the spatial trajectories in a spherical coordinate system adapted to the spiral apex and the
torque axis.
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These tension-free spirals form a two-parameter family of states labelled by their torqueM and their scaling current S.
In a planar logarithmic spiral 4MS = 1. If the spiral is supercritical with 4MS > 1, it exhibits a pattern of nutation
between two oppositely oriented cones, twisting and untwisting within each cycle, while this cycle precesses as the
spiral expands. Such spirals intersect all planes; as such they are the natural spatial analogues of the logarithmic spiral.
Time lapsed videos illustrating the trajectory described by the growing tendril of a climbing plant illustrate this
expanding precessing pattern of nutating cycles as the tendril explores its environment in search of a point of attach-
ment. A moment’s thought suggests that the plant is solving a three-dimensional analog of the search for the shore
described in the introduction. This coincidence will be addressed in [7].
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Derivation of Eq.(13)
The derivation of Eq.(13) involves the identity
RX RX
′ = −2[1− 2Xˆ⊗ Xˆ][Xˆ⊗ Xˆ′ + Xˆ′ ⊗ Xˆ]
= 2[Xˆ⊗ PXt− PXt⊗ Xˆ] , (105)
where PX is the projection orthogonal to X, which originates in the differentiation of the unit vectors appearing in
RX:
Xˆ′ = PXt/|X| . (106)
Using Eq.(105) we have
t · RX RX′ n = 2(n ·X)[(t · Xˆ)(t · Xˆ)− idem− 1]/|X|2 , (107)
and also
n · RX RX′ n = 0 . (108)
It is now clear that
κ¯ = t¯ · dn¯
ds¯
= −|X|2κ+ t · RXRX′n , (109)
which coincides, on using Eq.(107), with the expression for κ¯ given in Eq.(13).
Derivation of Eq.(28)
To derive Eq. (28), let us begin by writing down Hκ explicitly in terms of the partial derivatives of H with re-
spect to its arguments,
Hκ =
∂H
∂κ
−
(
∂H
∂κ′
)′
+
(
∂H
∂κ′′
)′′
− · · · . (110)
Using (110), we can reexpress the second term in Eq.(27) as a derivative:
Hκκ
′ =
[(
∂H
∂κ
)
−
(
∂H
∂κ′
)′
+
(
∂H
∂κ′′
)′′
− · · ·
]
κ′
= H′ −
([(
∂H
∂κ′
)
−
(
∂H
∂κ′′
)′ ]
κ′ +
(
∂H
∂κ′′
)
κ′′ + · · ·
)′
. (111)
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Now if we employ this identity for the last term in Eq.(27), we determine T modulo a constant of integration, σ:
T = −H+ 2Hκκ− σ +
[(
∂H
∂κ′
)
−
(
∂H
∂κ′′
)′ ]
κ′ +
(
∂H
∂κ′′
)
κ′′ + · · · . (112)
The constant σ is associated with the global constraint on the total arc-length implicit in this approach. If arc-length
is not fixed, then σ = 0.9 It is now possible to collect terms so that T is cast as the linear functional of H, Hκ and
the momenta, Pκ, Pκ′ and Pκ′′ given by Eq.(28).
F and rotation angles
Notice that Eq.(26) can be cast very simply in terms of the rotation angle, Θ. Using dΘ = κds, we have10
E⊥ = −κ[F¨‖ + F‖] , (114)
where the dot indicates differentiation with respect to Θ. In equilibrium, with E⊥ = 0, we have simple harmonic
oscillation of F‖ with respect to Θ with frequency 2pi: or
F¨‖ + F‖ = 0 , (115)
with solution
F‖ = F‖ 0 cos(Θ−Θ0) . (116)
This is a completely general result.
Special Conformal transformations
Here we derive the results for the behavior of geometrical quantities under special conformal transformations.
Transformation of arc-length:
In general,
(|X|2RX c)′ = 2(X · t) c− 2(X · c) t− 2(t · c)X , (117)
so that Eq.(60) follows. To see this, describe arc-length along a curve parametrized by a fixed parameter t so that
ds2 = |X˙|dt2 and
δds2 = 2(X˙ · δX˙)dt2 , (118)
where the dot represents differentiation with respect to t. In particular,
δcds
2 = 2 t · (|X|2RXc)′ ds2
= −4(X · c) ds2 . (119)
Transformation of the basis vectors, the curvature and its derivatives
As a consequence of Eq.(60), we find that
δct = 2(X · t) c− 2(t · c)X ; (120)
9Even if we do fix arc-length, in the absense of additional constraints breaking scale invariance, σ = 0 in equilibrium.
10Equivalently,
F = F‖ t− F˙‖ n , (113)
which implies F 2 = F‖2 + F˙ 2‖ , providing a quadrature in equilibrium.
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Using t · δcn = −n · δct, we also have
δcn = 2(X · n) c− 2(n · c)X . (121)
In general, using the definition of κ, we have
δκ = −n · δt′ . (122)
We now use Eqs.(9), (60), (120) and (61) to express the special conformally transformed acceleration appearing in
the first term,
δct
′ = 2c− 2κ(X · n) c+ 2κ(n · c)X− 2(t · c) t− 2κ(X · c)n . (123)
Using Eqs.(123) together with (61) in Eq.(122), we identify
δcκ = 2[(X · c)κ− (n · c)] . (124)
We conclude that 11 Eqs.(62) follows. From Eqs.(60) and (62)(b) follow the invariance of conformal arc-length,
consistent with the finite result derived in section 2.1 by examining its behavior under inversion in circles.
Derivation of Eqs.(82)
Substituting the expression for G, given by Eq.(63), into Eq.(??) we obtain
−(Hκ + Pκ′ + 2Pκ′′κκ′)n−
(
Pκ κ− 2 (Pκ′′κ′)′
)
t−Hκ′X⊥
+S t− (X · t)F = 0 . (125)
Using the decomposition (24) of F into tangential and normal parts, and the definition of S given by Eq.(54), the
last two terms in Eq.(125) can be expanded
S t− (X · t)F = −F⊥X⊥ +
(
Pκκ+ 2Pκ′κ
′ + 3Pκ′′κ′′
)
t . (126)
But F⊥ = −Hκ′, so that Eq.(??) reads
−(Hκ + Pκ′ + 2Pκ′′κκ′)n+
(
5Pκ′′κ
′′ + 2[Pκ′′ ′ + 2Pκ′ ]κ′
)
t = 0 . (127)
It is now convenient to express Pκ, Pκ′ and Pκ′′ in terms of partial derivatives using Eqs.(29): we have
−
(
2
(
∂H
∂κ′′′
)
κκ′ +
(
∂H
∂κ
))
n+
(
2
(
∂H
∂κ′′
)
κ′ + 5
(
∂H
∂κ′′′
)
κ′′
)
t = 0 . (128)
The two projections must vanish which reproduces Eqs.(82).
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